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Abstract

There is a growing literature that studies the properties of models that com-
bine international trade and neoclassical growth theory, but mostly in a de-
terministic setting. In this paper we introduce uncertainty in a dynamic
Heckscher-Ohlin model and characterize the equilibrium of a small open
economy in such an environment. We show that, when trade is balanced
period-by-period, the per capita output and consumption of a small open
economy converge to an invariant distribution that is independent of the ini-
tial wealth. Further, at the invariant distribution, there are periods in which
the small economy diversifies. Numerical simulations show that the speed
of convergence increases with the size of the shocks. In the limit, when
there is no uncertainty, there is no convergence and countries may specialize
permanently. The paper highlights the role of market incompleteness, as a
result of the period-by-period trade balance, in this setup. Through an ana-
lytical example we also illustrate the importance of country specific risk in
delivering our results.
Keywords: Economic Growth; International Trade; Heckscher-Ohlin; Con-
vergence; Stochastic Growth Theory; Diversification; Incomplete markets;
Risk.
JEL Codes: F1, F4, O4, E2.



1 Introduction
The theory of neoclassical growth has traditionally been developed in the closed
economy environment. Though, there has been some early attempts to integrate
international trade and neoclassical growth (see for example, Bardhan 1965, and
Oniki and Uzawa 1965), it is only more recently that there has been a surge of in-
terest in such dynamic trade models. However, most of the papers in this research
area have restricted attention to the dynamics of an open economy in an environ-
ment without uncertainty. In this paper we analyze a stochastic dynamic model
which integrates neoclassical growth and trade and characterize the equilibrium of
a small economy in such an environment. We use this model to address two cen-
tral issues—convergence of income, a recurring question in the growth literature
and diversification of trade, a common concern in the trade literature. In doing so,
we illustrate the interplay of trade, diversification of production and uncertainty
in an incomplete markets setting.

Specifically we study the properties of a dynamic Heckscher-Ohlin model with
uncertainty. Just as in the one-sector neoclassical growth model, we obtain income
convergence across countries. We show that, when trade is balanced period-by-
period, a standard assumption in deterministic Heckscher-Ohlin models, the per
capita output and consumption of a small open economy converge to an invariant
distribution that is independent of the initial wealth. Further, we find that when
income of an economy is within the invariant distribution, there will surely be
some periods in which the small economy diversifies.

The closed economy neoclassical growth theory, which has been a standard
vehicle to answer the question of income convergence across countries, predicts
that, as long as countries have the same preferences, technologies, and population
dynamics, they will converge to the same level of per capita income from any
(positive) initial wealth. The closed economy version of the neoclassical growth
model has been extended to incorporate uncertainty by Brock and Mirman (1972),
who show that countries will converge to the same invariant distribution of income
irrespective of their positive initial wealth.

Bardhan (1965), and Oniki and Uzawa (1965), who studies dynamic Heckscher-
Ohlin models with fixed savings rates, were the first to study integrated models of
growth and trade. More recently Chen (1992), Ventura (1997), Deardorff (2001),
Cunat and Maffezzoli (2004b) and Bajona and Kehoe (2006b) have used two-
country models while Atkeson and Kehoe (2000) have used a small open economy
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model to study the dynamics of an open economy.1 These recent papers have used
deterministic dynamic Heckscher-Ohlin models—that is models with two or more
tradable commodities produced with neoclassical production functions that differ
in capital intensities—and have found that it is possible that income levels across
countries do not converge (see Bajona and Kehoe 2006b for more details about
conditions under which countries do not converge in a two-country model). Al-
though the models vary in details, trade-induced factor-price equalization, which
leads to existence of multiple steady states and specialization, is a common feature
across all of them.

In these models factor-price equalization ensures that the rate of return on
capital is same in all countries that have their aggregate capital-labor ratios within
the diversification cone. As a result, if the world economy, which is within the
cone of diversification, is in a steady state, then all countries with different aggre-
gate capital-labor ratios within the diversification cone must be in a steady state.
Outside the diversification cone the rate of return depends on the country’s own
capital, and the diminishing returns to capital ensure that countries that start with a
low capital-labor ratio outside the diversification cone, will grow until they reach
the lower boundary of the diversification cone. Such countries will never enter the
interior of the diversification cone and will permanently specialize in the produc-
tion of tradable goods that are less capital intensive. The case for the countries
which start with a capital-labor ratio above the diversification cone is symmetric.
Thus, the initial conditions will determine the fate of a country in the long run.

What difference does uncertainty make? In our model, with country specific
shock and market incompleteness initial conditions don’t matter. When the coun-
try’s capital-labor ratio is outside the cone of diversification, the diminishing re-
turns to its own capital pushes it towards the boundary of diversification cone.
Inside the cone of diversification the rate of return is independent of the small
country’s capital, but the real rate of return still depends on the country’s shocks.
Now, since different countries face different shocks there would be mutual gains
through risk-sharing if countries could borrow from and lend to each other. Bor-
rowing constraint as a result of period-by-period trade balance prevents that2. Un-

1We focus on the integration of neoclassical growth and trade. Some papers, for example
Fisher (1995) and Bond et al. (2003), study dynamic Heckscher-Ohlin models with endogenous
growth. There is a strand of the literature that studies properties of Heckscher-Ohlin models with
overlapping generations. For differences between those models and models with infinitely lived
agents refer to Bajona and Kehoe (2006a).

2We assume period-by-period balanced trade constraint, which is effectively a zero-borrowing
constraint, in order to be consistent with deterministic dynamic Heckscher-Ohlin models. As

2



der these circumstances, with i.i.d. income shocks, the representative household
in a small open economy self-insures by accumulating more capital when current
income is high and de-accumulating capital when current income is low. Once
the country reaches the diversification cone, a long sequence of negative (pos-
itive) shocks will push capital holdings of the representative household beyond
the lower (upper) boundary of the diversification cone, where further declines (in-
creases) in capital are resisted by changes in the returns to capital. As a result of
these effects all small economies converge to the same invariant distribution of
capital with its support including the entire diversification cone. Thus, the long
run average income of the small economies will be the same and, further, those
economies will diversify production at least in some periods.

We also simulate our model to determine how the speed of convergence de-
pends on the size of the shocks that the economy faces. We find that the bigger the
shocks are, the faster is convergence. In the limit, when uncertainty vanishes, con-
vergence disappears. This suggests that, if uncertainty is small, initial conditions
play an important role in the development of a country: it takes a long time for
initially poor countries to catch up with richer countries. The simulations, thus,
provide a sense of continuity between the deterministic and the stochastic models.
The simulations also illustrate the difference in the shape of the policy function
between the deterministic and the stochastic models. Simulations are also useful
to get a sense of what happens when the stochastic process is Markovian instead
of i.i.d. Our theoretical results in this paper are proved using an i.i.d. process, but
we find, in simulations, that even economies that face persistent shocks exhibit
similar properties of convergence and diversification. Thus, it is likely that the
results in this paper will carry over to an economy that faces persistent shocks.

In order to show the importance of the country-specific shocks we construct
an example in which all small economies face the same world-wide productivity
shock. In this example, we show analytically, that the small open economies,
starting from different initial conditions never converge. This example makes it
clear that it is not just the uncertainty that matters.

Our paper closely relate to the papers studying dynamic trade models men-
tioned earlier. There is another paper which requires mention. Datta (1999)also
analyzes the income dynamics under uncertainty in a multi-sector small open
economy. Datta considers a general environment with production sets and ex-

Aiyagari (1994) has shown, self-insurance motive for savings is present whenever the borrowing
constraint is tighter than the “natural” (i.e. the long-run solvency) constraint. Given that result, we
think that our results can be extended to environments in which limited cross-country borrowing
is allowed. We however do not pursue that line in this paper.
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ploits its equivalence to the one-sector stochastic growth model to prove the con-
vergence of income process. Datta’s environment, however, does not allow for
nontradable goods and for primary fixed factors, like labor. Further, she does not
study, nor it is easy to extend her model to study, the dynamic interaction between
capital accumulation and trade patterns. In contrast, we focus our attention on
a neoclassical model with fixed factors and with nontradable goods, standard in
growth and trade literature. This enables us to study patterns of growth, trade and
specialization and relate our results to the existing literature.

Our paper, as explained earlier, also relates to the literature on income fluc-
tuations problem, which studies savings decisions under uncertainty and mar-
ket incompleteness. Clarida (1987), Aiyagari (1994), and Chamberlain and Wil-
son (2000) are just a few examples of papers that fall into this category.

This paper is organized as follows. In section 2, we describe our model’s en-
vironment. In section 3, we report the equilibrium results for the model, including
those on convergence and diversification. In section 4, we simulate the model and
discuss the speed of convergence. In section 5, we present the analytical example
with the world-wide shocks. Finally, we conclude in section 6. All the proofs are
collected in the appendix.

2 The Environment
The economic environment consists of two economies: a small economy and
the rest-of-the-world economy (which can be thought of as a continuum of small
economies). The population is fixed in both countries. We assume that the popu-
lation size in the small country is of measure zero relative to the rest of the world.
Motivated by this assumption, and for brevity, we refer to the rest-of-the world
economy as simply the world economy.

Our focus is the small open economy that has no effect on world prices of
tradable goods 3. We assume the small economy and the world economy have
identical preferences and technologies (except for stochastic productivity factors
in the final goods sector). In each economy there are two intermediate goods,
a (agriculture) and m (manufacturing), and one final good, Y . The intermedi-
ate goods are produced using capital and labor in each intermediate-good sector.

3Others who have studied dynamic Heckscher-Ohlin models with small economy assump-
tion include Findlay (1970), Mussa (1978), Smith (1984), and Atkeson and Kehoe (2000).
Stiglitz (1970) also studies the dynamics of a small open economy (though his steady state re-
sults are for a two-country model).
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Technology for producing good a is less capital intensive than the technology for
producing m. The intermediate goods are traded between the economies. The
final good is produced by combining the two intermediate goods, and can either
be invested or consumed domestically, but cannot be traded across economies4.
Capital and labor are also immobile across borders.

2.1 Preferences
The agents in both the economies are assumed to have identical preferences. Rep-
resentative agents in each economy supply labor inelastically and derive utility
from consumption.
Assumption 1
The utility function, u : R+ → R+, has the following properties:

1. u is continuous on R+, bounded below, and (without loss of generality)
u(0) = 0.

2. u is twice continuously differentiable and strictly concave: i.e., u′(c) > 0,
u′′(c) < 0 ∀ c ∈ R++.

3. limc→0 u
′(c) =∞.

2.2 Production
Each economy has access to three technologies: two intermediate-good technolo-
gies, a and m, and one final-good technology, Y . All the production functions
are assumed to be standard neoclassical production functions: homogeneous of
degree one in all inputs, twice continuously differentiable, and with positive and
diminishing marginal products of each input.

The final good is produced by combining intermediate goods a and m:

Y = zH(a,m), (2.1)

where z is the productivity factor which is potentially stochastic.

4Alternatively, one can model the economy with two tradable final goods, consumption and
investment, with investment good produced using a more capital-intensive technology than the
consumption good. Our results will hold in the alternative model as well.

5



H(a,m) satisfies Assumption 2.5

Assumption 2
H(a,m) exhibits constant returns to scale, and for all a ≥ 0 and m ≥ 0,

1. H(0,m) = H(a, 0) = 0.

2. H1(a,m) > 0, H2(a,m) > 0, H11(a,m) < 0 and H22(a,m) < 0.

There are two distinct production functions, which combine capital and labor
to produce intermediate goods. The technology for producing intermediate good
a is given by,

a = F (Ka, La), (2.2)

where Ka and La are capital and labor employed in sector a.
The technology for producing intermediate good m is given by,

m = G(Km, Lm), (2.3)

where Km and Lm are capital and labor employed in sector m.
Assumptions on both production functions F and G are similar to that on H .

In addition, the intermediate technologies satisfy the following boundary condi-
tions.
Assumption 3
Boundary conditions for intermediate technologies:

1. For all L > 0, limK→0 F1(K,L) = limK→0G1(K,L) =∞.

2. For all L > 0, limK→∞ F1(K,L) = limK→∞G1(K,L) = 0.

We also assume, as is standard in Heckscher-Ohlin models, that the good m
technology is more capital intensive than the good a technology for all relevant
factor-price ratios (i.e., there are no factor intensity reversals). This is stated more
formally in Assumption 4.
Assumption 4
For all K > 0 and L > 0 F2(K,L)

F1(K,L)
> G2(K,L)

G1(K,L)
.

5We use H1 to represent the partial derivative of H with respect to its first argument. We do
the same for all other first and second derivatives.
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2.3 International trade
The final good, capital, and labor are not tradable across countries. The only
commodities that can be traded between the economies are the two intermediate
goods. Thus, the quantities of intermediate goods utilized in a small economy for
the production of final goods can differ from the quantities produced in the small
economy. We assume, as is standard in deterministic dynamic Heckscher-Ohlin
models, that trade is balanced in each period for each economy.
Assumption 5
In all periods t,

pat(a
i,d
t − ait) + pmt(m

i,d
t −mi

t) = 0, (2.4)

where the variables with superscript d are quantities demanded in country i, the
variables without superscript d are quantities produced in country i, and pat, pmt
are the world prices of intermediate goods. This assumption has no implication on
the equilibrium outcomes in deterministic Heckscher-Ohlin models when each
economy produces both intermediate goods. In that case, balanced trade is an
equilibrium outcome. With country-specific productivity shocks, however, the
period-by-period balanced trade constraint is binding and precludes risk-sharing
opportunities through borrowing and lending. As we will see later, this constraint
plays an important role in determining the equilibrium outcomes. The absence
of borrowing or lending due to balanced trade constraint is also reflected in the
budget constraint of a representative household (equation 3.1 below).

2.4 Uncertainty
We introduce uncertainty as productivity shocks in the production of final goods.
Trefler (1993) studied a Heckscher-Ohlin model that included factor-augmenting
international productivity differences (though the productivity factors were not
stochastic). Cunat and Maffezzoli (2004a) included stochastic factor productivity
terms which were different across countries6. We assume that productivity across
countries is normalized to have the same expected value (the results would be
unchanged, except for a normalization of the factor prices, if that was not the
case). Since the shock is in the non-traded final good sector, it does not change
the relative productivities in the traded sectors and is in effect an income shock in

6They simulate a specific model with complete markets and assume FPE holds. The focus is
on the transmission of shocks in international business cycle.
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that country 7. Our results, however, also extend to a more general setting where
productivity shocks are both country and sector specific, affecting the production
functions of each of the intermediate sector 8.

In this paper, except in section 5, we assume that the world economy faces no
uncertainty. Further, productivity factors in the world economy, zwt , are normal-
ized to be equal to one for all t. The small economy, however, faces uncertainty:
zst is stochastic. The following are the assumptions about the distribution of zst :
Assumption 6

1. zst is an independently and identically distributed (i.i.d.) random variable
drawn from its time-invariant distribution.

2. The support of zst is Z = [z, z], where 0 < z ≤ z <∞.

3. E[zs] = zw = 1.

The last part of the Assumption 6 states that the expected productivity of the
final good sector in the small economy is equal to the productivity of the world
economy’s final good sector, which is assumed to be non-stochastic and normal-
ized to be one.

Let η be the probability measure for the distribution of z, defined on the Borel
subsets of Z. The assumption that Z has full supports implies that η(A) > 0 for
any non-degenerate interval, A, in the Z space.

At this point, it is useful to state the timing of various events and decision
processes in the economy. At the beginning of every period the uncertainty about
current productivity level is resolved. The consumers, final-good producers, and
intermediate-goods producers all take their decisions after that. The consumers
choose how much to consume and save. The savings decision determines the
next period’s capital. The intermediate-goods producers decide how to allocate
the capital and labor available in the economy between the two sectors. Also,
the final-good producers decide the amount of each intermediate good to demand,
which in turn determines the quantity of exports and imports of each intermediate
good. Note that the aggregate capital in the economy is decided before the uncer-
tainty for the period is resolved (it is decided a period earlier), but the allocation of

7In fact, our results also hold with purely additive (country-specific) endowment shocks, which
suggests that cross-country productivity differences are not essential for convergence and diversi-
fication.

8A version of the paper with such shocks is published as a Bank of Canada working paper
2006-23 available at http://www.bankofcanada.ca/wp-content/uploads/2010/02/wp06-23.pdf.
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capital and labor across sectors takes place after the uncertainty is resolved.With
this timing, the subscript t signifies that a variable is measurable with respect to
the information available up to period t, including period t productivity shocks in
both sectors.

3 Equilibrium in the World Economy and the Small
Economy

In this section, we characterize the equilibrium of the world economy and the
small economy. We begin with the world economy.

3.1 Equilibrium in the world economy
Our assumption that the small economy’s population is of zero measure compared
with the population of the world economy implies that the world economy behaves
as a closed economy and that the prices of the intermediate goods are determined
by the world economy’s equilibrium alone.

In the absence of uncertainty the world economy will converge to a unique
steady state. In the steady state the prices of the intermediate goods, pa and pm,
the price of the final goods pw and the interest rate in the world economy will be
constant across time. We normalize the world price of the final good, pw, to be
equal to 1.

In our analysis of the equilibrium of the small economy we assume that the
world is in the steady state. The world economy’s equilibrium determines the
intermediate-goods prices, pa and pm, prevailing universally in both the world
and the small economies. Therefore, in our analysis of the small economy, the
prices of intermediate goods are given and constant across time. Also, since we
are concentrating on the equilibrium of the small economy only, we drop the su-
perscript s from all variables. We distinguish world variables with a superscript w
whenever necessary.

3.2 Decision problems in the small economy
In the small economy, the representative household maximizes its lifetime ex-
pected utility subject to the period budget constraint, and taking prices of labor,
wt, capital, rt, and final good, pt, as given. Thus, the representative household’s
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decision problem is to choose the consumption, ct, investment, xt, and capital, kt,
to solve:

max
{ct,xt,kt}∞t=1

E1[
∞∑
t=1

βt−1u(ct)]

s.t. pt(ct + xt) ≤ wt + rtkt−1, (3.1)
kt = (1− δ)kt−1 + xt, (3.2)

given the initial level of per capita capital k0.
Note that markets are incomplete; there are no contingent assets available to

the households to insure themselves against risk. Moreover, the budget constraints
do not allow for borrowing or lending. The lack of borrowing or lending is a
reflection of the period-by-period balanced trade constraint described earlier.

The above maximization problem results in the following dynamic optimality
conditions:

u′(ct) = βEt

[
u′(ct+1)(1− δ +

rt+1

pt+1

)

]
, (3.3)

ct + kt =
wt
pt

+
rt
pt
kt−1 + (1− δ)kt−1. (3.4)

These equations determine the dynamics of per capita capital and per capita wealth
in this model.

On the production side, there are two kinds of firms in the economy: final-
good firms and intermediate-goods firms. We assume that each firm operates in
a perfectly competitive environment. The representative final-good firm takes the
prices of the intermediate goods as given and solves the following problem:

min
adt ,m

d
t

pa
pt
adt +

pm
pt
md
t ,

s.t. Yt ≤ ztH(adt ,m
d
t ). (3.5)

As noted earlier, variables with superscript d are the quantities demanded in the
economy, while variables without the superscripts are the quantities produced in
the economy. The first order conditions for the final-good firm are,

pa
pt

= ztH1(a
d
t ,m

d
t ), (3.6)

pm
pt

= ztH2(a
d
t ,m

d
t ). (3.7)
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Given world prices of intermediate goods, these equations determine the rela-
tive quantities of intermediate goods demanded in the small economy.

The representative intermediate-goods firm in each economy chooses how to
allocate the total capital and labor available in that economy across the two sec-
tors 9. It takes world prices of intermediate goods and domestic factor prices as
given and solves,

min
Kat,Lat,Kmt,Lmt

rt
pt

(Kat +Kmt) +
wt
pt

(Lat + Lmt)

s.t. at ≤ F (Kat, Lat) (3.8)
mt ≤ G(Kmt, Lmt). (3.9)

Let us define the intensive form of the intermediate production functions as:

f(k) = F (
K

L
, 1), (3.10)

g(k) = G(
K

L
, 1). (3.11)

The following equations give the first order conditions in terms of the intensive
production functions,

paf
′(kat) ≤

rt
pt
, (3.12)

pa [f(kat)− f ′(kat)kat] ≤
wt
pt
, (3.13)

pmg
′(kmt) ≤

rt
pt
, (3.14)

pm [g(kmt)− g′(kmt)kmt] ≤
wt
pt
. (3.15)

Inequalities 3.12 and 3.13 hold with equality whenever sector a is operated
with positive inputs, while inequalities 3.14 and 3.15 hold with equality whenever
sector m is operated with positive inputs.

9We could have had two different intermediate firms, one producing good a while the other
producing good m, but the results would have been the same. Since the objective is to find the
allocation of capital between the two sectors, we chose to model a representative firm for simplicity
and brevity.
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Thus, it is the intermediate goods firm that decides whether to produce both
intermediate goods in positive quantities, or, in other words, whether the country
will diversify. Their first-order conditions can be used to define the boundaries of
the “cone of diversification,” kbat and kbmt. Whenever the aggregate capital-labor
ratio of a small economy belongs to the interior of this cone, kt ∈ (kbat, k

b
mt),

it is profitable to produce both intermediate goods in the small economy. The
boundaries kbat and kbmt are defined as a solution to the following equations:

paf
′(kbat) = pmg

′(kbmt), (3.16)
pa
[
f(kbat)− f ′(kbat)kbat

]
= pm

[
g(kbmt)− g′(kbmt)kbmt

]
. (3.17)

Equations 3.16 and 3.17 are the optimality conditions that equate marginal
products of capital and labor in two intermediate sectors. They must be satisfied
whenever both intermediate sectors are operated; i.e., when the economy’s ag-
gregate capital-labor ratio is within the cone of diversification. In this case, the
optimal capital-labor ratios in intermediate sectors a and m are kat = kbat and
kmt = kbmt, respectively. This allows us to dispense with the superscript b: kat
and kmt signify both the boundaries of the cone of diversification and the optimal
capital-labor ratios in the two sectors of economies within the cone.

A crucial point is that kat and kmt are independent of the domestic capital-
labor ratio kt−1. The allocation of capital and labor between two intermediate
sectors, however, depends on the domestic capital-labor ratio. Countries that have
a higher capital-labor ratio devote a larger fraction of capital and labor to the
capital-intensive sector m.

Finally, in any equilibrium the following market-clearing conditions must be
satisfied:

at = F (Kat, Lat), (3.18)
mt = G(Kmt, Lmt), (3.19)

Ct +Xt = ztH(adt ,m
d
t ), (3.20)

Ct = ctL, (3.21)
Xt = xtL, (3.22)

Kat +Kmt = Kt−1, (3.23)
Lat + Lmt = L. (3.24)

The market clearing conditions are standard. Observe that, in the market-
clearing condition for capital, equation 3.23, aggregate capital is determined a
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period earlier than when it is allocated between the two intermediate sectors for
production, a consequence of the aforementioned timing assumptions.

3.3 Equilibrium in the small economy without uncertainty
Before we discuss convergence in a stochastic environment, let us first understand
why there are multiple steady-state equilibria, non-convergence, and specializa-
tion in the economies without uncertainty. Suppose a small economy faces no
uncertainty and has zt = zw = 1 for all t and in all states of nature. In this case
the price of the final good in the small economy is always equal to the final goods
price in the world economy pt = pw = 1.

There are two possible scenarios for the small economy: it may start with a
capital-labor ratio either within the diversification cone or outside of it. First, sup-
pose that the initial capital in the small economy, k0, is within the diversification
cone; i.e., k0 ∈ [ka, km]. Then, since kat = kwa , we have

rt = paf
′(kat) = paf

′(kwa ) = rw. (3.25)

Similarly, wt = ww.
Thus, factor-price equalization occurs across the economies. The fact that

real interest rates are equal across countries means that there is no incentive for
cross-economy borrowing and lending, and period-by-period balanced trade is not
constraining the equilibrium. Further, identical rates of return in both economies
mean that the incentives to accumulate capital are the same in both economies,
and, since the world economy is in the steady state, the small economy will also
be in the steady state at the initial capital-labor ratio. Thus, any capital-labor ratio
within the diversification cone can be sustained as a steady state.

Next, consider the case where the small economy starts at a capital-labor ratio
that is outside of the diversification cone. In particular, suppose that the economy
starts with a very low capital-labor ratio, k0 < ka. In this case, as long as kt−1 <
ka, it is optimal to produce only the less capital-intensive good, and we have

rt = paf
′(kt−1) > rwt = paf

′(ka).

The real interest rate in the small economy will be larger than the world
real interest rate, and the small economy will accumulate capital until it reaches
(asymptotically) the lower boundary of the diversification cone. Once it reaches
the boundary, i.e., when kt−1 = ka, again there is factor-price equalization, and
the economy will stop accumulating capital. Hence, the small economy will be
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at a steady state at the lower boundary of the diversification cone and will pro-
duce only the less capital-intensive good a. The case where the economy starts at
k0 > km is symmetric.

The crucial difference between a one-sector closed economy and an open
economy with two tradable sectors is that in the former the interest rate is a func-
tion of its own capital in the economy, while in the open economy, within the
diversification cone, it is independent of the small economy’s aggregate capital.
As a result, even though there is a unique capital-labor ratio for a given interest
rate in a closed economy, several aggregate capital-labor ratios are sustainable for
a given interest rate in the case of an open economy; all that differs is the share of
capital and labor resources devoted to the two intermediate goods. This is crucial
in delivering multiple steady states in a deterministic dynamic Heckscher-Ohlin
model.

3.4 Equilibrium in the stochastic small economy
In this section we analyze the model with uncertainty, i.e., when zt is stochastic
and state the two main results about convergence and diversification.

Define the per capita income of the small economy as yt = wt
pt

+ rt
pt
kt−1 +

(1 − δ)kt−1. It is a function of the small economy’s capital-labor ratio, kt−1, and
productivity shock zt: yt = y(kt−1, zt). The representative household’s problem
can be restated as:

max
{ct,kt}∞t=1

E1

∑∞
t=1 β

t−1u(ct), (3.26)

s.t. ct + kt ≤ y(kt−1, zt)

y(k0, z1) is given.

This set-up of the household’s problem makes it clear that, from the house-
hold’s perspective, the problem is essentially the same as that faced by an agent
in a one-sector stochastic growth model with i.i.d. shocks. Given this set-up, the
optimal consumption and investment policy functions in any period twill be func-
tions of current income, yt, only. For our main result on convergence, we need to
establish the continuity and monotonicity properties of our policy functions. As
a first step we establish the continuity and monotonicity properties of the income
function, which is achieved in Lemma 1.
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Lemma 1. Properties of the small economy’s income function, y.10

• y is continuous in k, and z. It is strictly increasing in k and z.

• For every z ∈ Z, the function y(·, z) : R+ → R+ is concave, and continu-
ously differentiable. For every k > 0, the derivative ∂y(k,·)

∂k
is continuous in

z.

• There exists the maximum sustainable level of capital, k̄, such that y(k, z) <
k̄ for all k > k̄ and for all z ∈ Z.

Let X =
[
0, k̄
]
. Define the value function v(k0, z) as the maximum lifetime

expected utility attained in the problem 3.26. It is a standard result that the value
function is unique, bounded, strictly concave, continuously differentiable in k (for
k > 0), and solves the following Bellman equation,

v(k, z) = max
k′∈[0,y(k,z)]

[
u(y(k, z)− k′) + β

∫
v(k′, z′)η(dz′)

]
. (3.27)

Further, for each z ∈ Z, v(·, z) : X → R+ is strictly increasing and v(0, z) =
0.

The investment policy function h(k, z) is defined so that

v(k, z) = u(y(k, z)− h(k, z)) + β

∫
v(h(k, z), z′)η(dz′). (3.28)

In the following proposition we establish the existence, and the continuity and
monotonicity properties of both, the investment policy function h(k, z) and the
consumption policy function c(k, z).

Proposition 1. Existence, continuity, and monotonicity of the policy functions.

• There exist unique consumption and investment policy functions: ct = c(kt−1, zt)
and kt = h(kt−1, zt). Both functions are continuous with respect to kt, and
zt, and measurable with respect to the Borel subsets of Z.

10The income function is a smooth envelope of the two intermediate production functions.
So it is easy to show that it satisfies all the properties listed in this Lemma. The proof is
included in an earlier version of the paper available online at http://www.bankofcanada.ca/wp-
content/uploads/2010/02/wp06-23.pdf.
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• Functions c(kt−1, zt) and h(kt−1, zt) are strictly increasing in kt−1, and zt.
Also, c(0, z) = 0 and h(0, z) = 0 for all values of z.

Proof: See Appendix. �

Next we establish the properties of the fixed points and stability properties of
the investment policy function. We start with fixed points of the function. For any
realization z, we define kz to be a fixed point for the investment policy function
h(k, z); i.e., kz is such that kz = h(kz, z). We can also define the maximum and
minimum positive fixed points for any given realization, z, as follows:

kmax
z = max{k > 0|h(k, z) = k}, (3.29)
kmin
z = min{k > 0|h(k, z) = k}, (3.30)

whenever they exist.
In the next proposition we show that the investment policy function possesses

certain stability properties.

Proposition 2. Fixed points and stability properties of the investment policy
function.

• The fixed point kmax
z exists and for all k > kmax

z , h(k, z) < k.

• The fixed point kmin
z > 0 exists and for all k < kmin

z , h(k, z) > k.

• The function h(k, z) has a stable configuration; i.e., kmax
z < kmin

z .

Proof: See Appendix. �

Given that we have assumed the shocks to be i.i.d., the policy function h(k, z)
defines a Markov process on the set of capital-labor ratios, X. Let B be the Borel
sigma field generated by X. For all B ⊂ B, let P (kt−1, B) = Pr(kt ∈ B) be
the transition probability function of the capital-labor ratio process in the small
economy. Let P t(B) = Pr(kt ∈ B) be the probability measure for the small
economy’s capital-labor ratio in period t defined on Borel subsets B of X; it is
generated by the transition probability function as

P t (B) =

∫
X

P (k,B)P t−1(dk),

starting from some initial distribution, P0, defined on (X,B). The invariant distri-
bution over X , then, is any probability measure µ, such that

µ(B) =

∫
X

P (k,B)µ(dk).
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The economy is generally assumed to start from a given value of the capital,
which means that P 0 is a degenerate distribution concentrated on some posi-
tive value of the capital-labor ratio. Our objective is to prove that, no matter
which positive value of capital we start from, the limit limt→∞ P

t is the unique
invariant distribution. More precisely, let δk0 be a degenerate distribution con-
centrated on k0. Let P 0(k0, B) = δk0 , P 1(k0, B) = P (k0, B), and P t(k0, B) =∫
X
P (k,B)P t−1(k0, dk) for any setB ⊂ B.We need to show that limt→∞ P

t(k0, B) =
µ(B) for all positive k0 and any Borel subset B in B.

Theorem 1. Convergence.
There exists the unique invariant probability measure µ on (X,B), such that

limt→∞ P
t(k0, B) = µ(B) for all k0 > 0. The full support of µ is the unique

non-degenerate compact interval onR++ given by [kmax
z , kmin

z ].

Proof: See Appendix. �

The above theorem states that, no matter where different small economies
start, in the long-run per capita capital converges to the same invariant distribution
with its support being the interval [kmax

z , kmin
z ]. The lower boundary of the interval

kmax
z is the maximum fixed point of the policy function for the worst shock, while

the upper boundary is the minimum fixed point of the policy function for the best
shock. As shown in Proposition 2, this interval is non-degenerate, and, since
kmax
z > 0, bounded away from zero.

The fact that the invariant distribution is unique is illustrated in Figure 1, which
shows two policy functions, one for the worst shock, z, and the other for the best
shock, z,. The capital-labor ratio in the shaded region, marked as the invariant set,
is the full support for the invariant distribution. Any economy that has capital-
labor ratio in that region will always remain there—the worst that can happen is
that the economy faces the worst shock each period, and then its capital-labor ratio
will converge to the lower boundary. In the best possible case, when the country
faces the best shock every period, the capital-labor ratio goes to the upper bound-
ary. Since the policy function, h(k, z), is continuous and non-decreasing in z, and
the shocks come from a full compact support, every non-degenerate interval of
capital-labor ratios within the invariant set is attainable with positive probability.
Now, consider the case when the initial capital-labor ratio is below the minimum
point of the interval [kmax

z , kmin
z ]. A sequence of good shocks, which occurs with

positive probability, will eventually bring the ratio inside the interval. The case
when the capital-labor ratio is above the interval is symmetric. Thus, [kmax

z , kmin
z ]
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will be the unique, globally stable, full support for the invariant distribution. Note
that even a small amount of uncertainty is sufficient for our result.

Thus, in the long run, there will be convergence in the per capita capital stock
and, hence, convergence in the per capita income levels across countries, no matter
where different small economies start from.

Our next theorem helps us to answer the question whether a small economy
will diversify. To make this determination, we need to find out whether there is any
intersection between the support of the invariant set and the diversification cone.
Recall that ka and km are the capital-labor ratios in sectors a and m in the small
economy, whenever this economy produces positive amounts of both intermediate
goods. They are independent of the small economy’s capital. Theorem 2 relates
ka and kmwith kmax

z and kmin
z ,the boundaries of the invariant set.

Theorem 2. Diversification.
[ka, km] ⊂ [kmax

z , kmin
z ].

Proof: See Appendix. �

This theorem proves that the entire diversification cone is a proper subset of
the invariant set. In the invariant distribution, therefore, a small economy may
visit the entire diversification cone and also some areas outside of it.

Note that here we are focussing on the convergence of income levels across
small open economies and not between the small economy and the world. How-
ever, the theorem on diversification helps us to relate the invariant set of a small
economy to the steady state level of capital in the world economy. Since the
world’s capital-labor ratio lies within the diversification cone, and the invariant
set contains the diversification cone, the world capital-labor ratio is contained in
the invariant set for the small economy.

The above theorems provide insight to the relation of factor prices across the
countries. First notice that in this stochastic model the real factor prices wt

pt
and

rt
pt

depend on the realization of productivity shock in period t. Thus, in gen-
eral, there is no factor price equalization across economies (either across small
open economies or between a small open economy and the world economy). Fac-
tor prices are equal across two small open economies only in the special case
when both the countries are within the diversification cone and they face the same
shocks. However, even if two economies have their factor prices equalized in any
given period, there is no guarantee that factor prices will be equal in the future.
First, the future realized productivity shocks might be different across these two
economies, and second, one or both economies might find themselves outside the
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diversification cone. This is due to Theorem 2. From that theorem we know that a
small economy will definitely be outside the diversification cones in some periods.
In those periods factor prices in this economy will depend on its own capital-labor
ratio, and will not be equalized with factor prices in another economy, which has
the same productivity shock, but different capital-labor ratio.

4 Simulation of the Small Economy
So far we have shown that with uncertainty and balanced trade there will be con-
vergence, but our results are silent about the path or the speed of convergence.
We simulate our model using the utility function u(c) = c(1−ν)

1−ν and Cobb-Douglas
production functions to make that determination.

The parameter values used in this exercise is given below:

α γ µ δ β ν
0.3 0.4 0.2 0.08 0.95 1.5

Where, α is the share of capital income in sector a, γ is the share of capital
income in sector m, µ is the share of good a in the final good.

We first simulate the economy when there is no uncertainty. Figure 2 plots the
paths for capital in a deterministic Heckscher-Ohlin model: a country that starts
with capital-labor ratio less than ka grows until it reaches the lower boundary
of the diversification cone, and then its capital-labor ratio is fixed at that level.
The case with countries that start with a capital-labor ratio greater than km is
symmetric.

Next we simulate the small economy with uncertainty. We assume that there
are two possible productivity states, high and low, with equal probability,11 and
then simulate our model for different magnitudes of the shocks.

We find that the bigger are the possible shocks in the small economy, the
quicker is the convergence. This is illustrated in the Figure 3, where we report
two cases with deviation of productivity from the mean being: (i) 5 percent, and
(ii) 10 percent.

The fact that the speed of convergence increases with the magnitude of shocks
relates our convergence result with that of non-convergence in the determinis-
tic version. The finding suggests that, for small degrees of uncertainty it will

11Simulations with continuous state space give similar results.
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take an extremely long time for economies to converge. In the limit, when uncer-
tainty is driven to zero, convergence disappears altogether. Thus, the deterministic
Heckscher-Ohlin model is a special case of the stochastic model.

Our simulation is useful in another dimension as well: it allows us to visualize
the actual shape of the investment policy function. A plot of the policy function in
Figure 4 reveals the effect of uncertainty and market incompleteness in our model.
The policy functions for high and low shocks shift apart from each other. This is a
consequence of the representative agent’s motives to self-insure by accumulating
more (less) capital when the income is higher (lower) than expected due to a high
(low) productivity shock.

Further, with uncertainty (i.i.d. shocks) the policy function tilts—it is above
the 45 degree line for low values of the capital-labor ratios. This is in contrast
to the deterministic case, where the investment policy function coincides with the
45-degree line everywhere within the diversification cone, making every point a
fixed point and a steady state.

We also use simulations to look at the dynamics when the stochastic process
is not i.i.d. In this paper we have proved our results using the assumption that
the shocks are i.i.d., so naturally the question remains about the validity of our
results when the shocks are Markovian. While proving the results theoretically
for such a stochastic process is likely to be involved and difficult, we can easily
simulate the capital path for such an economy. We simulate the capital paths for a
symmetric Markov chain defined over two possible productivity states, high and
low12. We find that even with correlated shocks the capital (and, hence income) in
a small economy converges to an invariant distribution irrespective of the initial
capital. We also find that the diversification cone is contained within the invariant
set, similar to the i.i.d. case. In Figure 5 we plot the mean capital paths for an
initially poor and an initially rich country for i.i.d. shocks as well as for a two-
state Markov chain in which the same state repeats with probability of 0.6 and 0.9.
When compared to the i.i.d. case the convergence is faster when shocks are per-
sistent. With persistense, if a bad (good) productivity shock hits the economy, it is
likely to be followed by more bad (good) shocks. This strengthens the represen-
tative agent’s self insurance motive. Further, with persistent shocks, when a good
shock hits the economy, it is likely to be followed by a series of good shocks.
This increases the chances that an initially poor economy quickly accumulates
more capital and moves to the upper boundary of the invariant set. Similarly, a

12Simulations with Markov chains defined over 3, 4 or 5 states, with transition probabilities
approximating AR(1) processes give similar results.
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bad productivity shocks is likely to be followed by a series of bad shock, which
would quickly pin an initially rich economy against the lower boundary of the
invariant set. Thus, higher persistence induces faster convergence across various
economies by increasing the degree of mobility across income levels.

5 Worldwide Shock: No Convergence
To understand the role of country-specific uncertainty, in this section we present
a model in which there are world-wide shocks, i.e., all countries are affected by
same shocks. We show analytically that, in this particular example, countries
do not converge and may permanently specialize in producing only one tradable
good.

We assume that both the world and the small economy face identical shocks:
i.e., zwt = zst for all t. We use specific functional forms for the utility and the
production functions. The utility function is logarithmic, u(c) = ln(c)13. The
individual production functions are given by,

• final-good technology: zH(a,m) = zaµm1−µ,

• intermediate-good a technology: F (K,L) = KαL1−α; and intermediate-
good m technology: G(K,L) = KγL1−γ ,

where 1 > γ > α > 0. Further, we assume full depreciation (i.e., δ = 1).
Since in this example we provide the dynamics of both the world and the small
economy, we distinguish them using superscript w for the world economy and s
for the small economy.

The optimal capital-labor ratio in the world economy evolves according to the
following law of motion:

kwt = Qzt
(
kwt−1

)q
, (5.1)

where Q is a positive constant, and q = αµ + γ(1 − µ). Since q < 1, the world
capital-labor ratio converges to a unique invariant distribution. We assume that the
world economy’s capital-labor ratio is drawn from this invariant distribution. The

13In proving our theorems on convergence and diversification in the previous sections we as-
sumed utility is bounded below, but here we deviate from that assumption. The assumption on
utility was to ensure that the optimal capital path will be bounded away from zero, here the use of
Cobb-Douglas utility function precludes that even with unbounded utility function.
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above law of motion for the world capital-labor ratio determines a Markov process
for intermediate-good prices pat, pmt. Note that the prices of the intermediate
goods are no longer constant across time.

It can be shown that the boundaries of the diversification cone are constant
fractions of the aggregate capital: kwat = φak

w
t−1 and kwmt = φmk

w
t−1, where φa ∈

(0, 1), while φm > 1.
Suppose that, at the beginning of period t, the small economy’s capital-labor

ratio is kst−1 > 0. Let τt−1 =
kst−1

kwt−1
be the capital-labor ratio in the small economy

relative to that in the world economy. Then, it can be easily shown, that

• if τt−1 < φa, then the small economy will produce only good a in period t

and τt =
kst
kwt

= τt−1

(
τt−1

φa

)α−1

> τt−1.

• if τt−1 ∈ [φa, φm], then the small economy will produce both goods, a and
m, in period t and τt = τt−1.

• if τt > φm, then the small economy will produce only good m in period t

and τt = τt−1

(
τt−1

φm

)γ−1

< τt−1.

Therefore, whenever the small economy has an aggregate capital-labor ra-
tio outside the diversification cone [kat, kmt], it moves towards the diversification
cone (and the world capital-labor ratio). If, on the other hand, the small economy
starts within the diversification cone, it will maintain a constant ratio between the
domestic aggregate capital-labor ratio, kst , and the world aggregate capital-labor
ratio, kwt . Thus, if two small economies start within the diversification cone, but
with different capital-labor ratios relative to that of the world economy, they will
maintain those relative positions. Hence, there is no convergence in income or
consumption. Also, if any small economy starts with capital-labor ratios outside
the diversification cone, it will always specialize in the production of only one
tradable commodity.

The difference between this example and the stochastic version considered
earlier is that in this example both the small and the world economies face iden-
tical shocks; i.e., zwt = zst for all t. Agents of both economies would still try
to self-insure by accumulating more or less capital in response to these income
shocks. Global shocks, however, would prevent countries from changing their
relative wealth positions.

22



While this is clearly a very special example, it does show that without country-
specific shocks, income convergence and production diversification may not oc-
cur.

On a more technical level, the difference between this section and the previ-
ous sections is the nature of shocks the small economy faces. Since the world is
now subject to shocks, intermediate-good prices, pat and pmt, follow a Markov
process. As a result, the shocks that the small economy faces are autocorrelated.
This is in contrast to the shocks being i.i.d. in the previous sections. Thus, the ex-
ample illustrates the possibility of having a multiplicity of invariant distributions
of capital with suitably correlated shocks.

6 Conclusion
In this paper we build a dynamic Heckscher-Ohlin model for a small economy
with uncertainty and study the equilibrium properties of that model. We show that,
in an uncertain world, when markets are incomplete, different small economies
will have the same average long-run income irrespective of where they start from.
Our results, thus, extend the predictions of income convergence, standard in one-
sector neoclassical growth models, to a multi-sector open economy in the dynamic
Heckscher-Ohlin environment.

We also show that, there will certainly be some periods in which a small open
economy diversifies, even if it starts with a very low capital stock. In fact a small
economy with two tradable sectors will visit the entire cone of diversification (and
some areas outside the cone). Both the convergence and the diversification results
represent a departure from the deterministic version of the dynamic Heckscher-
Ohlin model.

The paper also highlights the role of the period-by-period trade balance con-
straint, a standard feature of deterministic models, in a model with country-specific
shocks. Since this constraint precludes risk sharing using borrowing and lending,
countries try to self-insure through their savings decision.

The results of the deterministic version and the stochastic version may seem
to fit into two extremes, but our simulation results give a sense of continuity be-
tween the two cases: the smaller the shocks, the slower is the convergence, and
in the limit, with no uncertainty, there is no convergence. Convergence also oc-
curs when shocks are persistent. Higher persistence results in faster convergence.
Thus, this paper suggests that the path of development will depend on the nature
and extent of uncertainty, though eventually countries will converge in terms of
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income levels.
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Appendix

A Proof of Proposition 1

The assumptions on the utility function u(c) place this problem into the domain of “Bounded
Return Problems,” as defined in section 9.2 of Stokey, Lucas and Prescott (1989). It is
straightforward to verify that their assumptions 9.4 to 9.12 are satisfied by our model.
The results of the first part of Proposition 1 then follow from theorems 9.6, 9.7, 9.8, and
9.10 in Stokey, Lucas and Prescott (1989).

c(0, z) = 0 and h(0, z) = 0 is obvious. It is easy to show that both policy functions
are strictly increasing, continuous functions of y.14 Therefore, these policy functions
inherit all the continuity and monotonicity properties of y.

B Proof of Proposition 2

The proof of the main theorem in Chatterjee and Shukayev (2008) can be applied to show
that, the policy function h(k, z) for the worst possible shock has at least one positive, and
stable fixed point. Once this is established, the first two results of the proposition follow
trivially from monotonicity and boundedness of the investment policy function.

To prove the last result, we will show that kz < kz for any fixed points of h(k, z) and
h(k, z) correspondingly. To show this we will first prove the following two claims:

Claim 1: For any fixed point kz of h(k, z) we have 1 > β
∫
Z y
′(kz, z)η(dz).

Proof: From the Euler equation, we have

u′(c(kz, z)) = β

∫
Z
u′(c(kz, z))y′(kz, z)η(dz).

Since u′(c(kz, z)) ≥ u′(c(kz, z)), with strict inequality for some z ∈ Z,

u′(c(kz, z)) > βu′(c(kz, z))
∫
Z
y′(kz, z)η(dz)

1 > β

∫
Z
y′(kz, z)η(dz).

Claim 2: For any fixed point kz of h(k, z), we have 1 < β
∫
Z y
′(kz, z)η(dz).

Proof: From the Euler equation, we have

u′(c(kz, z)) = β

∫
Z
u′(c(kz, z))y′(kz, z)η(dz).

14For example, see proofs of lemmas 1.1 and 1.2 in Brock and Mirman (1972).
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Since u′(c(kz, z)) ≤ u′(c(kz, z)), with strict inequality for some z ∈ Z,

u′(c(kz, z)) < βu′(c(kz, z))
∫
Z
y′(kz, z)η(dz)

1 < β

∫
Z
y′(kz, z)η(dz).

The above two claims, along with the fact that y′(k, z) is decreasing in k for every
value of z, establish kz < kz .

C Proof of Theorem 1

First we show that the optimal capital sequence {kt = h(kt−1, zt)}∞t=1 is bounded away
from zero. The proof of the main theorem in Chatterjee and Shukayev (2008) can be
applied to show that, for any k0 > 0 there exists k ∈ (0, k0) such that for all t =
1, 2, 3, ..., kt ≥ k. Thus, without loss of generality, we can take X = [k, k].

Now we will prove the theorem by showing that Theorem 2 of Hopenhayn and Prescott (1992)
can be applied to our model. We show that, the three assumptions of the Theorem 2 of
Hopenhayn and Prescott (1992) are satisfied:

1. the domain set X contains its lower and upper bounds.

• Since X =
[
k, k
]

is a compact set it satisfies this assumption.

2. the transition probability P (k,B) is increasing in k in the sense of first-order
stochastic dominance.

• Since h(k, z) is increasing in k for every z, P (k,B) is indeed increasing.

3. Monotone Mixing Condition: there exist some k̃ ∈ X and an integer M such that
PM (k, [k, k̃]) > 0 and PM (k, [k̃, k]) > 0.

• Let us define y′ = ∂y
∂k for brevity.

Consider the following set K̃ = {k ∈ X| β
∫
Z y
′(k, z)η(dz) = 1}. Conti-

nuity and monotonicity of y′(·, z) for every z guarantee that K̃ is non-empty,
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although, in general it may contain more than one point. Let k̃ be any point
in K̃.

Let the sequence {kn}∞n=0 be generated as kn = h(kn−1, z) with k0 = k. By
the monotonicity of optimal policy rule, {kn} is decreasing, and we know
from Proposition 2 that kn → kmax

z . For any ε > 0, the rectangle [(λ, θ), (λ+
ε, θ + ε)] has a positive measure under η. This, together with the continuity
of h(k, ·), implies that the probability of entering into any neighborhood of
kmax
z in a finite number of steps is positive.

From Claim 2 in the proof of Proposition 2, we have 1 < β
∫
Z y
′(kmax

z , z)η(dz).
Hence kmax

z < k̃. An exactly symmetric line of argument establishes that
kmin
z > k̃ and that the sequence {kn}∞n=0 started from k0 = k enters with

positive probability into any neighborhood of kmin
z in a finite number of

steps. The above results prove that there exists some integer M such that
PM (k, [k, k̃]) > 0 and PM (k, [k̃, k]) > 0.

Thus, all three assumptions of Theorem 2 in Hopenhayn and Prescott (1992) are sat-
isfied, which establishes the desired convergence result.

The full support for this invariant distribution is [kmax
z , kmin

z ]. To see this fact observe
that the sequence {kn}∞n=0 generated as kn = h(kn−1, z), started from any k0 > kmax

z ,

enters with positive probability into any neighborhood of kmax
z . Similarly, {kn}∞n=0 gen-

erated as kn = h(kn−1, z), started from any k0 < kmin
z , enters with positive probability

into any neighborhood of kmin
z . It is also clear that, once in [kmax

z , kmin
z ], the Markov

process P t(k0, ·) cannot leave this set. Thus, kmax
z and kmin

z must be the boundaries of
the ergodic set. To show that the whole interval [kmax

z , kmin
z ] is an ergodic set, choose

any open interval (k1, k2) ∈ [kmax
z , kmin

z ] of a certain length l > 0, and any point
k0 ∈ [kmax

z , kmin
z ]. Without loss of generality assume that k0 < k1. Observe that, for

any k ∈ (kmax
z , kmin

z ), the image h(k, Z) is a non-degenerate interval [h(k, z), h(k, z)],
such that k belongs to the interior of this interval. We can then construct an increasing
sequence, kn = h(kn−1, zn−1), such that 0 < ε

2 < |kn − kn−1| < ε < l
2 . Clearly, this

sequence will enter (k1, k2) in a finite number of steps, say in N steps. By continuity
of h(·, ·), this sequence can be constructed with a positive measure of shock histories
zN = (z0, z1, ..., zN ) ∈ Z × Z × ... × Z (N times). Obviously, for k0 > k2, we can
construct a decreasing sequence. We have therefore proved that PN (k0, (k1, k2)) > 0 for
some finite N. This establishes irreducibility, and hence the ergodicity of [kmax

z , kmin
z ].
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D Proof of Theorem 2

From the first-order conditions

pa
pt

= ztH1(a
d
t ,m

d
t )

pm
pt

= ztH2(a
d
t ,m

d
t )

it follows that the equilibrium ratio adt
mdt

is fixed at the value ad

md
implied by

pa
pm

=
H1(a

d
t ,m

d
t )

H2(adt ,m
d
t )

=
H1(

ad

md
, 1)

H2(
ad

md
, 1)

and that the price of the final good pt is proportional to the inverse of zt

pt =
pa

H1(
ad

md
, 1)

1

zt
.

The same relation holds for the world economy, where the price of the final good is fixed
at

pw =
pa

H1(
ad

md
, 1)

1

zw
= 1

since pw is normalized to be 1. Since the world economy is assumed to be in a steady
state, we must have

β

[
pa
pw
f ′(kwa ) + 1− δ

]
= β

[
zwH1(

ad

md
, 1)f ′(kwa ) + 1− δ

]
= 1.

We will prove now that for all k ∈ [kwa , k
w
m], where k is the capital-labor ratio of

the small economy, the following must be true: β
∫
Z
y′(k, z)η(dz) = 1. Once that is

established the results of the proposition follow from claims 1 and 2 in the proof of the
proposition 2.
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Fix any k ∈ [kwa , k
w
m]. Then we have

β

∫
Z

y′(k, z)η(dz) = β

∫
Z

[
pa
p (z)

f ′(kwa ) + 1− δ
]
η(dz)

= β

[
paf

′(kwa )

∫
Z

1

p (z)
η(dz) + 1− δ

]
= β

[
paf

′(kwa )

∫
Z

H1(
ad

md
, 1)z

pa
η(dz) + 1− δ

]

= β

[
H1(

ad

md
, 1)f ′(kwa )

∫
Z

zη(dz) + 1− δ
]

=

= β

[
zwH1(

ad

md
, 1)f ′(kwa ) + 1− δ

]
= 1.
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Figure 1: Invariant Set
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Figure 2: Path of Capital: No Uncertainty
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Figure 3: Path of capital with 5% and 10% shocks
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Figure 4: Policy Functions for “High” and “Low” shocks
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Figure 5: Path of Capital for i.i.d and Markov Processes
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